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“Musical Instruments and Twelve Tone Equal Temperament” C. Parks Sept  2024 Poughkeepsie, NY 
Presentation within Science Potpourri at Marist Center for Lifelong Studies.  ChrisParksCars@gmail.com    

Pythagoras created a genius musical notes system containing an inherent math-based flaw. I presented abridged slides (marked with blue stars) to a general audience. 
The full slides here give the more careful treatment for musicians (choir directors, conservatory teachers, or string students.) This presentation, as viewed from an 
outside math perspective, shows how musicians (Monteverdi, Bach, Casals) creatively work around an equally genius but also flawed equal-temperament solution. 
I was delighted that musicologists uncovered in 2005 that Bach crafty-ducked TET in his famous 48 Klavier pieces!  

As a child I was fascinated with our twelve-tone equal temperament musical scale, which forces all keys “equivalent.” C versus C sharp or F sharp are 
transposed by sliding notes. But I also knew the musical notation is mysteriously super-redundant. Also, composers are passionate about particular keys, 
for instance Beethoven picking his quartet in C sharp minor.  Attached is a math-oriented non-musician’s take on our classical musical notes system!  

6th century BC Pythagoras defined the octave as a factor of two frequency change (A440, A220, or A110 beats per second.) Pythagoras set the musical 
“fifth” as a “perfect” frequency ratio of 3/2. From these simple assumptions Pythagoras then astonishingly calculates the frequencies of all twelve 
notes of the scale in powers of two and 3/2. The Pythagoras musical system, with rich resonances and overtones, is one of the ten greatest mathematical 
achievements of the ancient world!  But this genius system contains an inherent flaw: the octave 2.0 ratio is slightly (1.5% or a few nasty “beats”) 
incompatible with the nice integer ratios! Resonances and overtones are perfect, but composers are crippled to only use particular keys. 
    I claim Pythagoras system is “simple genius” – after carefully viewing 2nd to last page of presentation may you also experience an exciting “I got it” moment

My wife and I heard the spectacular Stockholm reconstructed 1651 Düben Organ with “quarter-comma meantone temperament.” This Renaissance tuning 
sets the “major third” as acoustically perfect. But the composition had to be chosen, and the trumpet had to transpose by 3 half-notes, to get the key the 
organ needed. In tour after the performance we spotted the extra split key on the console. D sharp and E flat need different, special, organ pipes!  
 
Twelve Tone Equal temperament TET assigns twelfth root of two to all half-notes intervals to get perfect octaves. TET sounds equivalently good in all keys, but “lacks 
the spice and flavor of other systems.” Music was re-purposed: centered on modulations, composer’s needs, and instrument standardization. Bach, Mozart, and 
Beethoven score spectacular success! Physicist Helmholtz lead a groundswell of discontent with TET’s loss of resonances and overtones, especially the major third.  
Musicians strike beyond TET:  Cellist Pablo Casals p155 taught “expressive intonation” intentionally playing “out of tune” to recapture major thirds beauty. 
Unaccompanied choirs also go out of tune to prioritize resonances and overtones. Guarneri Quartet p74 carefully sharpens notes while avoiding repetitions to avoid a 
“sterile and static” equal intonation. Bach craftily ducked TET with his 48 Klavier pieces which are apparently “well- but not so even-” tempered. 

Conclusion: Musicianship remains subtle, reaching beyond the genius platforms of Pythagoras and Twelve Tone Equal Temperament TET

mailto:ChrisParksCars@gmail.com


Musical Instruments and Twelve Tone Equal Temperament
Why was I intrigued as child in this esoteric subject? Why should anyone else be?

• As a child taking piano lessons:  fascinated that “TET” equal temperament 
forces all keys “equivalent”    C vs. C sharp vs. F sharp

• But: musical notation mysteriously super-redundant    
• But: Composers passionate about particular keys: Beethoven Quartet C sharp minor 
• But: String players & singers rebel from TET if not “enforced” by keyboard 

• TET forces a perfect “octave;” all other intervals and resonances “muddled”
• “Just Intonation patch: smooth chords, melody notes that sound out of tune. 

Equal Temperament – melody notes sound in tune, chords sound rough”
• Math:  Ancient 530BC clash - perfect ratios abhor irrational numbers!
• Musical Instrument Cleverness – tape measure our piano & harp

NET:  Musicianship dilemma made plain by math in these pages!
    Bear with it, musicians: this arithmetic perspective is insightful!
     2nd to last page: sharing the exciting moment when Pythagoras suddenly became simple genius!      
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Pythagorean Comma:  ca. 1% Arithmetic Mismatch
            Spiral Instead of Circle of Fifths
1% of A440 is 4 beats/second – nasty for listeners
Pythagorean Perfection: Resonances and Overtones 
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p25

(129.746-128) / 128 = 1.4%

Musical Instruments and TET or “Much Ado about 1.4%”
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Equal TET and Just Temperament
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Just Intonation: smooth chords, melody notes that sound out of tune.
Equal Temperament – melody notes sound in tune, chords sound rough.

Temperaments - cope with underlying arithmetic mismatch problem 

Pythagorean and Just Temperament:  500BC origins       China some analogies
        Musicians around world connect with resonances & overtones 
TET Equal Temperament, Bach era, irrational twelfth root
    TET Revolution: scrap nice integer ratios at very center of Pythagoras great vision 

https://hotrodharmonicas.com/equal-temperament-vs-just-
intonation-war-of-the-musical-worlds/   

https://hotrodharmonicas.com/equal-temperament-vs-just-intonation-war-of-the-musical-worlds/
https://hotrodharmonicas.com/equal-temperament-vs-just-intonation-war-of-the-musical-worlds/


Equal and Just Temperament
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https://successmusicstudio.com/whats-the-difference-between-just-intonation-and-equal-temperament/   

One disadvantage of ET revolves around the fact that it has fewer notes than JI. 
•In Just Intonation, the notes have been tuned so that it creates better sounding harmonies.
•This means that JI can, in theory, have an infinite number of notes.
•Each JI note has a distinct frequency that resonates with the other chord tones to create a strikingly 
rich sound.

In contrast, ET has only 12 notes, which sound barely in tune when played together with each other.
•ET’s harmonies don’t resonate as well as they do in JI, because 
ET has sonically compromised major thirds. 
•As a result, 
the ET chords will have beating and weak tone color, which can diminish your audience’s listening 
pleasure.

https://successmusicstudio.com/whats-the-difference-between-just-intonation-and-equal-temperament/


TET:  Major 3d  is “awful” in Equal Temperament
Just Tuning – major 3d is great, at cost of the bad “wolf”
All Tunings – do pretty well for fifths and fourths
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p28
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Out of Tune
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https://musicinfo.io/blog/out-of-tune       

https://musicinfo.io/blog/out-of-tune


Out of Tune
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https://musicinfo.io/blog/out-of-tune   2022-08-30      

Example 6.  C6 12 TET     
   C6 is a chord of 1 3 5 6  or C E G  A

Example 7.  C6 just intonation

Example 8.  C7, B7 and E7 in just intonation for C
    C7 is a chord 1 3 5 7   C  E  G and B

Purpose of examples
   C6 and C7 should be good sounding in examples 6, 7, 8
   Example 8    B7 or E7 should sound horrible in Just Intonation

The problem with Just Intonation

…  Below you can listen and compare the differences in the sound of chords in 12 TET and Just Intonation and hear 
what happens if you try to play chords in Just Intonation outside the key they were tuned to.

https://musicinfo.io/blog/out-of-tune
https://soundcloud.com/user-301450216/ex6/s-xhKalOLtH1t?utm_source=clipboard&utm_medium=text&utm_campaign=social_sharing
https://soundcloud.com/user-301450216/ex7/s-EbrTYAGOKcc?utm_source=clipboard&utm_medium=text&utm_campaign=social_sharing
https://soundcloud.com/user-301450216/example-8/s-xefGrAvbVqj?utm_source=clipboard&utm_medium=text&utm_campaign=social_sharing
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Unpacking Pythagoras 

• If you’re looking at it correctly, Pythagoras suddenly becomes simple
• I suddenly saw it correctly mid-summer:   tremendously exciting, 

would like to share this excitement.
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Circle of Fifths

Powers of
3/2 or 2/3
Pythagoras 
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3/2 fourth power G flat

3/2 third power B

3/2 second power E   293.33 x 3/2 x 3/2

3/2   A up by a fifth  293.33 x 3/2 = 440

1   pick D as root  293.33 beats/s

3/2 fifth power D flat

2/3    G    down a fourth      293.33 x 2/3

2/3 squared    C   down two fourths

2/3 cubed F

2/3 fourth power B flat

2/3 fifth power E flat

2/3 sixth power A flat

3/2 sixth power G sharp

Our Famous “Comma” 
A flat “Diminished fifth”
    412.03 setting A440 
G sharp “Augmented Fourth”
    417.65 setting A440

SWEDEN “Just” organ - two keys
TET keyboards – skip 2nd key

This page – the exciting moment when Pythagoras suddenly became simple genius, if viewed correctly within Circle of Fifths



Octaves – sound wave length at one meter or 347 beats/second, 
or half meter (octave higher) or one quarter meter (four octaves higher)

Musical Instruments Twelve Tone TET Temperament             
Marist CLS Fall 2024  email send version 27Oct2024                       

For Personal Scholarship Only Chris Parks
16

https://montessorimuddle.org/2012/04/16/octave-sound-samples/   April 2012   

This "note" is a sound wave with a 
frequency (pitch) of 347 cycles per 
second (347 Hz), which has a wavelength 
of approximately 1 meter. It sounds like 
this.

Interesting to think of the 1 meter wavelength,
and the size of concert halls, 
and maybe the effect of shifting one’s seat 

Gregorian Chant immensely exploited sound
reflection off of monastery or cathedral walls

https://montessorimuddle.org/2012/04/16/octave-sound-samples/
http://montessorimuddle.org/wp-content/uploads/2012/03/1m.mp3
http://montessorimuddle.org/wp-content/uploads/2012/03/1m.mp3


Piano Keyboard – seven plus octaves
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https://zinginstruments.com/how-many-octaves-on-a-piano/    

https://zinginstruments.com/how-many-octaves-on-a-piano/


Circle of Twelve Fifths – Seven Octaves of the Piano   
Twelve Notes C, G, D, A … G flat … C  – get all twelve notes of the scale! 
Pythagoras 6th Century BC Great Discovery: calculate all note frequencies with powers of 3/2 and 2  
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https://www.pinterest.com/pin/750130881664413636/    

https://www.pinterest.com/pin/750130881664413636/


Pianos and Continued Fractions
Edward G. Dunne   American Mathematical Society
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https://oeis.org/DUNNE/TEMPERAMENT.HTML   

There are two pieces of acoustics that matter now: 
1.Going up one octave doubles the frequency. Thus, the C one octave up from middle C has a frequency of 2. 
2.Tripling the frequency moves to the perfect fifth in the next octave. In our case, this means that the G in the next 
octave has a frequency of 3. 

https://oeis.org/DUNNE/TEMPERAMENT.HTML
https://oeis.org/DUNNE/TEMPERAMENT.HTML#PythagoreanHammers


Pianos and Continued Fractions
Edward G. Dunne   American Mathematical Society
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https://oeis.org/DUNNE/TEMPERAMENT.HTML   

By inverting the rule that says that the note one octave than another must have double the frequency, we can 
fill-in the perfect fifth in the first octave. It should have half the frequency of the G in the second octave. 

https://oeis.org/DUNNE/TEMPERAMENT.HTML


Pianos and Continued Fractions
Edward G. Dunne   American Mathematical Society
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https://oeis.org/DUNNE/TEMPERAMENT.HTML   

Following Pythagoras, we can now attempt to use these two rules to construct `all the notes', i.e., a complete 
chromatic scale. 
The perfect fifth in the key of G is D. Thus we have, by tripling then halving, then halving again: 

https://oeis.org/DUNNE/TEMPERAMENT.HTML
https://oeis.org/DUNNE/TEMPERAMENT.HTML#ChromaticScaleDef


Pianos and Continued Fractions
Edward G. Dunne   American Mathematical Society
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https://oeis.org/DUNNE/TEMPERAMENT.HTML   

Repeat again: the perfect fifth in the key of D is A: 

Following Pythagoras repeatedly:  frequency doubling for octaves;  frequency 3/2 for each fifth (clockwise circle of fifths)
   Eventually get frequencies for all twelve notes of the scale!   

         Pythagoras Music Base 12 System :   One of ten greatest Math discoveries of the ancient world!

https://oeis.org/DUNNE/TEMPERAMENT.HTML


Clockwise on Circle of fifths – multiply by 3/2
Counterclockwise – divide by 3/2 each time
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    Pick “D” 
       as starting note

   Go clockwise six times to get G sharp
   Go counter clockwise six times for A flat

Clockwise vs. Counter clockwise from D
    Multiply or divide by sixth power of 3/2 to go half circle
     Discover G sharp slightly different from A flat !!! 

Pythagoras or Just Temperaments:
   You have discovered our infamous discrepancy or Comma or Wolf at G sharp versus A flat   

Equal Temperament:
   Disguises the discrepancy but at a cost of losing resonant & overtone beauty particularly for the musical “third” 
   Every note except the octave slightly “out of tune”  



Pianos and Continued Fractions
Edward G. Dunne   American Mathematical Society
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https://oeis.org/DUNNE/TEMPERAMENT.HTML   

If we use the rule of 
doubling/halving for octaves, 
we arrive at the following 
frequencies for the twelve 
notes in our basic octave: 

https://oeis.org/DUNNE/TEMPERAMENT.HTML


Circle of Fifths
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In music theory, the circle of fifths (or circle of fourths) is the 
relationship among the 12 tones (or pitches) of the chromatic 
scale, their corresponding key signatures, and the associated 
major and minor keys. More specifically, it is a geometrical 
representation of relationships among the 12 pitch classes of 
the chromatic scale in pitch class space. 

https://en.wikipedia.org/wiki/Circle_of_fifths 

https://en.wikipedia.org/wiki/Music_theory
https://en.wikipedia.org/wiki/Circle_of_fifths#Structure_and_use
https://en.wikipedia.org/wiki/Pitch_(music)
https://en.wikipedia.org/wiki/Chromatic_scale
https://en.wikipedia.org/wiki/Chromatic_scale
https://en.wikipedia.org/wiki/Key_signature
https://en.wikipedia.org/wiki/Major_and_minor
https://en.wikipedia.org/wiki/Geometry
https://en.wikipedia.org/wiki/Pitch_class
https://en.wikipedia.org/wiki/Pitch_class_space
https://en.wikipedia.org/wiki/Circle_of_fifths


Circle of Fifths

Powers of
3/2 or 2/3
Pythagoras 

Musical Instruments Twelve Tone TET Temperament             
Marist CLS Fall 2024  email send version 27Oct2024                       

For Personal Scholarship Only Chris Parks
26

3/2 fourth power G flat

3/2 third power B

3/2 second power E   293.33 x 3/2 x 3/2

3/2   A up by a fifth  293.33 x 3/2 = 440

1   pick D as root  293.33 beats/s

3/2 fifth power D flat

2/3    G    down a fourth      293.33 x 2/3

2/3 squared    C   down two fourths

2/3 cubed F

2/3 fourth power B flat

2/3 fifth power E flat

2/3 sixth power A flat

3/2 sixth power G sharp

Our Famous “Comma” 
A flat “Diminished fifth”
    412.03 setting A440 
G sharp “Augmented Fourth”
    417.65 setting A440

SWEDEN “Just” organ - two keys
TET keyboards – skip 2nd key

This page – the exciting moment when Pythagoras suddenly became simple genius, if viewed correctly within Circle of Fifths



Pythagorean Tuning
Fantastically Systematic 
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https://en.wikipedia.org/wiki/Pythagorean_t
uning    

Pythagoras: 

Up by successive fifths
      Powers of 3/2 
 
Down by successive fourths
  Powers of 2/3

“Normalize” within an octave
Dividing by powers of two

Seemingly crazy ratios make 
perfect sense!

No accident that millennia
later, Pythagoras matches
TET to within 0.5-1%

TET Pyth Delta

293.66 293.33 0.33 hz

311.13 309.02 -2.1

329.63 330.00 0.37

349.23 347.65 -1.6

369.99 371.24 1.25

392 391.11 -0.89

Comma 412.03 -3.9

415.93 417.65 1.72

440 440 Ref

466.16 463.53 -2.6

493.88 494.99 1.1

523.25 521.48 -1.8

554.37 556.87 2.5

https://en.wikipedia.org/wiki/Pythagorean_tuning
https://en.wikipedia.org/wiki/Pythagorean_tuning


Pythagorean Tuning
Fantastically  Systematic 
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https://en.wikipedia.org/wiki/Pythagorean_t
uning    

Pythagoras: 

Up by successive fifths
      Powers of 3/2 
 
Down by successive fourths
  Powers of 2/3

“Normalize” within an octave
Dividing by powers of two

Seemingly crazy ratios make 
perfect sense!

No accident that millennia
later, Pythagoras matches
TET to within 0.5-1%

TET Pyth Delta

293.66 293.33 0.33 hz

311.13 309.02 -2.1

329.63 330.00 0.37

349.23 347.65 -1.6

369.99 371.24 1.25

392 391.11 -0.89

Comma 412.03 -3.9

415.93 417.65 1.72

440 440 Ref

466.16 463.53 -2.6

493.88 494.99 1.1

523.25 521.48 -1.8

554.37 556.87 2.5

https://en.wikipedia.org/wiki/Pythagorean_tuning
https://en.wikipedia.org/wiki/Pythagorean_tuning


Pythagorean Tuning
Fantastically  Systematic 
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https://en.wikipedia.org/wiki/Pythagorean_t
uning    

Pythagoras: 

Up by successive fifths
      Powers of 3/2 
 
Down by successive fourths
  Powers of 2/3

“Normalize” within an octave
Dividing by powers of two

Seemingly crazy ratios make 
perfect sense!

TET Pyth Delta

293.66 293.33 0.33 hz

311.13 309.02 -2.1

329.63 330.00 0.37

349.23 347.65 -1.6

369.99 371.24 1.25

392 391.11 -0.89

Comma 412.03 -3.9

415.93 417.65 1.72

440 440 Ref

466.16 463.53 -2.6

493.88 494.99 1.1

523.25 521.48 -1.8

554.37 556.87 2.5

No accident that millennia
later, Pythagoras matches
TET to within 0.5-1%

https://en.wikipedia.org/wiki/Pythagorean_tuning
https://en.wikipedia.org/wiki/Pythagorean_tuning
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5-13-2022
The mathematical foundation of the musical scales andThe mathematical foundation of the musical scales and
overtones Michaela DuBose-Schmitt    Mississippi State University, michaela.duboseschmitt@gmail.com

Musical Instruments Twelve Tone TET Temperament             
Marist CLS Fall 2024  email send version 27Oct2024                       

For Personal Scholarship Only Chris Parks
31

https://scholarsjunction.msstate.edu/cgi/viewcontent.cgi?article=6428&context=td      

https://scholarsjunction.msstate.edu/cgi/viewcontent.cgi?article=6428&context=td


Just & Pythagorean
vs. Equal
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Pythagorean & Just
Nice Integer ratios
Great sounding chords
Resonances & Overtones
“Wolf”  Can’t Modulate
Non-Western music systems too

TET
Radical Re-purposing of music 
Twelve Tone Equal Temperament
Abandon nice ratios!
Pythagoras abhors twelfth root of two
Octave perfect frequency double
Major third especially “out of tune”
Freely modulate keys
Composers love flexibility Book has scrubbed away the Octave 2.0 problem with Pythagoras!



Twelve Tone Equal Temperament 12-TET compared to “just intonation” ratios.  
An octave is a perfect doubling;  the fifth 3/2 and fourth 4/3 are extremely close to natural ratios
Major third is significantly off some say in TET 
https://en.wikipedia.org/wiki/Equal_temperament and https://en.wikipedia.org/wiki/Musical_temperament 

Musical Instruments Twelve Tone TET Temperament             
Marist CLS Fall 2024  email send version 27Oct2024                       

For Personal Scholarship Only Chris Parks
33

MAJOR THIRD
  Problem interval
  for TET  

Perfect in Just 
  

Fourth 
and 
Fifth
Good all
systems

Octave
set to 2
TET & Just

Octave 
slight inherent mismatch
discovered 500BC
Commas, Wolf, …
Need for Temperaments 

https://en.wikipedia.org/wiki/Equal_temperament
https://en.wikipedia.org/wiki/Musical_temperament


Harmonic Series:
Inharmonic Partials
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D. Ralph Appelman, Science of Vocal Pedagogy, 1967

Tempered Scale,
sounded with Natural Scale
of “C”

“Differences in frequences give
beats  or a vibrato effect to 
the sound rather than smoothness”

Choir and Voice 

Good Choir directors:  
    add a “just hear it” element
  Hear and search for Overtones
  Prioritize resonance & overtones over TET frequencies
   Allow carefully calibrated inconsistencies
(if there’s no keyboard or orchestra)



The Pythagorean Scale and Just Intonation
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https://mathcs.holycross.edu/~groberts/Courses/MA110/Lectures/PythScale-web.pdf   
22Mar2018 Gareth E Roberts College of Holy Cross

https://mathcs.holycross.edu/%7Egroberts/Courses/MA110/Lectures/PythScale-web.pdf
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Trumpet Organ Concert in Stockholm – June 2019 
church with two organs
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Trumpet Organ Concert 
in Stockholm – June 
2019 German Church 
Gamla Stan, church with 
two organs
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”Our” Sweden 1651 Düben Organ    
“quarter-comma meantone  
with sub semitones for E flat and 
D sharp”



Quarter Comma Meantone – Our Sweden Organ ! 
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p35

Quarter Comma Meantone – Renaissance  
All the fifths but one “Wolf” tempered the same amount  

Just Temperament:  Good whole number ratios! 
      Great resonances, overtones!
      Achieves Fantastically good “third”
Can’t Modulate – crippling for post Bach composers  
Unlike extremely poor “third” for TET

”Our” Sweden 1651 Düben Organ    “quarter-comma meantone  
with sub semitones for E flat and D sharp”



Circle of Fifths

Powers of
3/2 or 2/3
Pythagoras 
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3/2 fourth power G flat

3/2 third power B

3/2 second power E   293.33 x 3/2 x 3/2

3/2   A up by a fifth  293.33 x 3/2 = 440

1   pick D as root  293.33 beats/s

3/2 fifth power D flat

2/3    G    down a fourth      293.33 x 2/3

2/3 squared    C   down two fourths

2/3 cubed F

2/3 fourth power B flat

2/3 fifth power E flat

2/3 sixth power A flat

3/2 sixth power G sharp

”Our” Sweden 1651 
Düben Organ    
“quarter-comma 
meantone with sub 
semitones for E flat 
and D sharp”



Trumpet Organ Concert in Stockholm – church with two organs:  

1651 Düben Organ    “quarter-comma meantone”    
1887-Romantic Style
Different tuning systems
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Quarter Comma Meantone 
(Sweden 1651 Düben Organ) 
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https://en.wikipedia.org/wiki/Quarter-comma_meantone    

Quarter-comma meantone, or 1 / 4 -comma meantone, was the most common meantone temperament in 
the sixteenth and seventeenth centuries, and was sometimes used later. In this system the perfect fifth is 
flattened by one quarter of a syntonic comma ( 81 : 80 ), with respect to its just intonation used in 
Pythagorean tuning (frequency ratio 3 : 2 ); the result is 3 / 2  × [ 80 / 81 ] 1 / 4 = 4√5 ≈ 1.49535 , or a fifth of 
696.578 cents. (The 12th power of that value is 125, whereas 7 octaves is 128, and so falls 41.059 cents short.) 
This fifth is then iterated to generate the diatonic scale and other notes of the temperament. 

The purpose is to obtain justly intoned major thirds (with a frequency 
ratio equal to 5 : 4 ). 
It was described by Pietro Aron in his Toscanello de la Musica of 1523, by saying the major thirds should be 
tuned to be "sonorous and just, as united as possible."[1] Later theorists Gioseffo Zarlino and Francisco de 
Salinas described the tuning with mathematical exactitude. 

https://en.wikipedia.org/wiki/Quarter-comma_meantone
https://en.wikipedia.org/wiki/Meantone_temperament
https://en.wikipedia.org/wiki/Perfect_fifth
https://en.wikipedia.org/wiki/Syntonic_comma
https://en.wikipedia.org/wiki/Just_intonation
https://en.wikipedia.org/wiki/Pythagorean_tuning
https://en.wikipedia.org/wiki/Interval_ratio
https://en.wikipedia.org/wiki/Cent_(music)
https://en.wikipedia.org/wiki/Major_third
https://en.wikipedia.org/wiki/Sesquiquartum
https://en.wikipedia.org/wiki/Pietro_Aron
https://en.wikipedia.org/wiki/Quarter-comma_meantone#cite_note-1
https://en.wikipedia.org/wiki/Gioseffo_Zarlino
https://en.wikipedia.org/wiki/Francisco_de_Salinas
https://en.wikipedia.org/wiki/Francisco_de_Salinas


Irregular Temperament Fifth Circle 
Lehman 2005 “Bach’s Extraordinary Temperament: our Rosetta Stone” Early Music 33 (2005.) Bach 
proposed to encode an irregular temperament that gives the closed circle  
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p37   For Bach see p148, 169 Rosetta Stone footnote.
Also see https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier  B. Lehman (2004, 2005)[22] proposed a
 1 /6 and 1/ 12  comma layout derived from Bach's loops

“Rosetta Stone” Proposal 2005 that 
Bach 48 well-tempered pieces
were actually customized, irregular temperaments 
and not TET   !

https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier
https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier#cite_note-22


What is a comma?
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In music theory, a comma is a very small interval, the difference resulting from tuning one note two different 
ways.[1] Strictly speaking, there are only two kinds of comma, the syntonic comma, "the difference between a 
just major 3rd and four just perfect 5ths less two octaves", and the Pythagorean comma, "the difference 
between twelve 5ths and seven octaves".[2] The word comma used without qualification refers to the syntonic 
comma,[3] which can be defined, for instance, as the difference between an F♯ tuned using the D-based 
Pythagorean tuning system, and another F♯ tuned using the D-based quarter-comma meantone tuning system. 

https://en.wikipedia.org/wiki/Comma_(music)  

Within the same tuning system, two enharmonically equivalent notes (such as G♯ and A♭) may have a slightly 
different frequency, and the interval between them is a comma. For example, in extended scales produced with 
five-limit tuning an A♭ tuned as a major third below C5 and a G♯ tuned as two major thirds above C4 are not 
exactly the same note, as they would be in equal temperament. The interval between those notes, the diesis, is 
an easily audible comma (its size is more than 40% of a semitone). 

https://en.wikipedia.org/wiki/Music_theory
https://en.wikipedia.org/wiki/Interval_(music)
https://en.wikipedia.org/wiki/Musical_tuning
https://en.wikipedia.org/wiki/Note_(music)
https://en.wikipedia.org/wiki/Comma_(music)#cite_note-1
https://en.wikipedia.org/wiki/Syntonic_comma
https://en.wikipedia.org/wiki/Pythagorean_comma
https://en.wikipedia.org/wiki/Comma_(music)#cite_note-2
https://en.wikipedia.org/wiki/Syntonic_comma
https://en.wikipedia.org/wiki/Syntonic_comma
https://en.wikipedia.org/wiki/Comma_(music)#cite_note-3
https://en.wikipedia.org/wiki/Pythagorean_tuning
https://en.wikipedia.org/wiki/Quarter-comma_meantone
https://en.wikipedia.org/wiki/Tuning_system
https://en.wikipedia.org/wiki/Comma_(music)
https://en.wikipedia.org/wiki/Enharmonically_equivalent
https://en.wikipedia.org/wiki/Five-limit_tuning#Extension_of_the_twelve-tone_scale
https://en.wikipedia.org/wiki/Five-limit_tuning
https://en.wikipedia.org/wiki/Major_third
https://en.wikipedia.org/wiki/Equal_temperament
https://en.wikipedia.org/wiki/Diesis
https://en.wikipedia.org/wiki/Semitone
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Monteverdi 1610 Vespers  Crucial 
transitional figure between the Renaissance and Baroque 
periods of music history

Modernist music breaking rules
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Monteverdi sneaks in 
Even Temperament

Music theorist (Artusi) pounces:
Attacks at first not mentioning names

Monteverdi persists!

(With Artusi claiming Monteverdi had his own notions of 
tuning approximating equal temperament, many early music 
ensembles today pick quarter-comma mean tone tuning
for Monteverdi. So TET remains very ahead of the curve.)   Bach, Beethoven, and the Boys, David Barbers,

Illustrations D. Donald, 1986

https://en.wikipedia.org/wiki/Transition_from_Renaissance_to_Baroque_in_instrumental_music
https://en.wikipedia.org/wiki/Renaissance_music
https://en.wikipedia.org/wiki/Baroque_music


Monteverdi 1610 Vespers  
Crucial transitional figure between the Renaissance and Baroque periods of music history

 Monteverdi’s  sin appeared to be his notions of tuning
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https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-
9780198164098?cc=us&lang=en& J Kurtzman 1999 Pages 488–494   Found at Vassar Music Library

https://en.wikipedia.org/wiki/Stile_antico   refers to the Artusi Monteverdi controversy

https://en.wikipedia.org/wiki/Transition_from_Renaissance_to_Baroque_in_instrumental_music
https://en.wikipedia.org/wiki/Renaissance_music
https://en.wikipedia.org/wiki/Baroque_music
https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-9780198164098?cc=us&lang=en&
https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-9780198164098?cc=us&lang=en&
https://en.wikipedia.org/wiki/Stile_antico


Monteverdi 1610 Vespers  
Crucial transitional figure between the Renaissance and Baroque periods of music history

 Renaissance period: Very active discussion of Tuning 
Systems even back then
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https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-
9780198164098?cc=us&lang=en& J Kurtzman 1999 Pages 488–494   Found at Vassar Music Library

https://en.wikipedia.org/wiki/Transition_from_Renaissance_to_Baroque_in_instrumental_music
https://en.wikipedia.org/wiki/Renaissance_music
https://en.wikipedia.org/wiki/Baroque_music
https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-9780198164098?cc=us&lang=en&
https://global.oup.com/academic/product/the-monteverdi-vespers-of-1610-9780198164098?cc=us&lang=en&
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Bach Well-Tempered Klavier 

1722, pictured 24 of 48 compositions
 
The conventional claim: 
pieces made possible by the 
huge breakthrough of 
TET Equal Tuning system 
Recent 2005 scholarship rebuts this claim:  
that Bach used a tricky irregular 
temperament and ducked TET  !!
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https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier The 
Well-Tempered Clavier, BWV 846–893, consists of two sets of 
preludes and fugues in all 24 major and minor keys for 
keyboard by Johann Sebastian Bach. I 

https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier
https://en.wikipedia.org/wiki/Bach-Werke-Verzeichnis
https://en.wikipedia.org/wiki/Prelude_and_fugue
https://en.wikipedia.org/wiki/Music_written_in_all_major_and/or_minor_keys
https://en.wikipedia.org/wiki/Johann_Sebastian_Bach


Bach Well-Tempered Klavier
1722
Very technical Wiki 2005 

His tuning probably not 
so simple TET

“Rosetta Stone” 2005
paper –  evidence that
Bach may have used
1 /6 and 1/ 12 comma 
irregular temperament
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https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier 
The Well-Tempered Clavier, BWV 846–893, consists of two sets 
of preludes and fugues in all 24 major and minor keys for 
keyboard by Johann Sebastian Bach. I 

https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier
https://en.wikipedia.org/wiki/Bach-Werke-Verzeichnis
https://en.wikipedia.org/wiki/Prelude_and_fugue
https://en.wikipedia.org/wiki/Music_written_in_all_major_and/or_minor_keys
https://en.wikipedia.org/wiki/Johann_Sebastian_Bach


You’re Playing Bach Wrong
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https://www.ethanhein.com/wp/2021/the-well-tempered-and-not-so-well-tempered-clavier/   15Oct2021   

https://www.youtube.com/watch?v=QEjANevZVfw   You’re Playing Bach Wrong

Great explanation in 16 minutes of the Bach doodle question, 
the 2005 Lehman “Bach’s Extraordinary Temperament: our Rosetta Stone” paper
 
Post 2005 revisions by music scholars:
Bach very likely did not use TET “even” temperament 
for his “well”-tempered clavier pieces

https://www.ethanhein.com/wp/2021/the-well-tempered-and-not-so-well-tempered-clavier/
https://www.youtube.com/watch?v=QEjANevZVfw


Irregular Temperament Fifth Circle 
Lehman 2005 “Bach’s Extraordinary Temperament: our Rosetta Stone” Early Music 33 (2005.) Bach 
proposed to encode an irregular temperament that gives the closed circle  
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p37   For Bach see p148, 169 Rosetta Stone footnote.
Also see https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier  B. Lehman (2004, 2005)[22] proposed a
 1 /6 and 1/ 12  comma layout derived from Bach's loops

“Rosetta Stone” Proposal 2005 that 
Bach 48 well-tempered pieces
were actually customized, irregular temperaments 
and not TET   !

https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier
https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier#cite_note-22


The Well-Tempered (but not-so-even-tempered) Clavier
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https://www.ethanhein.com/wp/2021/the-well-tempered-and-not-so-well-tempered-clavier/   15Oct2021   

Quarter-comma meantone sounds good in C, but pretty terrible everywhere else. It has good-sounding thirds, but 
most of the fifths are flat, except for a few which are wildly sharp. So when meantone is in tune, it’s very in tune, but 
when it’s out, it’s way, way out. The C major prelude mostly sounds nice in meantone, but C-sharp sounds 
horrendous. Fifth-comma sounds better than quarter, and sixth-comma sounds better than fifth.

12-TET sounds fine throughout. But only fine. It’s never offensive, but it lacks the spiciness and character of 
the other systems.

Bach wrote The Well-Tempered Clavier as a showcase for a new tuning system that could play in all twelve major and 
all twelve minor keys. Up until that point, the various European tuning systems only worked for some keys, not all of 
them. If you were in or near the key of C, you were usually okay, but as you moved further out on the circle of fifths, 
things got ugly fast. So this new tuning system that actually sounded good in all the keys was an exciting 
development.

However… no one knows what tuning system Bach used. All we know is that it wasn’t twelve-tone equal 
temperament, the one we all use now. There were many systems in circulation at the time that people called 
“well temperament.” Was Bach using Werckmeister? Kirnberger? Kellner? Some idiosyncratic system of his own 
invention? No one knows.

https://www.ethanhein.com/wp/2021/the-well-tempered-and-not-so-well-tempered-clavier/
https://en.wikipedia.org/wiki/The_Well-Tempered_Clavier
https://www.ethanhein.com/wp/2020/what-does-the-well-tempered-clavier-sound-like-in-actual-well-temperament/


Musical Acousticians building around Bach or Beethoven 
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https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-1992Wi/fidv01n01-1992Wi_047-
the_foundations_of_scientific_mu.pdf    Dec. 1992       

A Brief History of Tuning
The first explicit reference to the tuning of middle C at 256 oscillations per second was probably made by a contemporary 
of J .S. Bach. It was at that time that precise technical methods were developed, making it possible to determine the exact 
pitch of a given note in cycles per second. The first person said to have accomplished this was Joseph Sauveur ( 1 653- 1 7 
1 6), called the father of musical acoustics. He measured the pitches of organ pipes and vibrating strings, and defined
the "ut" (nowadays known as "do") of the musical scale at 256 cycles per second.

J.S. Bach, as is well known, was an expert in organ construction and master of acoustics, and was in constant contact 
with instrument builders, scientists, and musicians all over Europe. So we can safely assume that he was familiar with 
Sauveur's work. 

In Beethoven's time, the leading acoustician was Ernst Chladni ( 1 756- 1 827), whose textbook on the theory of music 
explicitly defined C = 256 as the scientific tuning. Up through the middle of the present century, C = 256 was widely 
recognized as the standard "scientific" or "physical" pitch. 

In fact, A = 440 has never been the international standard pitch, and the first international conference …

https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-1992Wi/fidv01n01-1992Wi_047-the_foundations_of_scientific_mu.pdf
https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-1992Wi/fidv01n01-1992Wi_047-the_foundations_of_scientific_mu.pdf
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Mozart’s Father – A flat higher than G sharp ?!
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p60



Extended Meantone Fifth Spiral – Extra notes A Flat G Sharp 
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From Ross Duffin, How Equal Temperament Ruined Harmony (and why you should care) 2007   p56   p53

Fifty-Five “Commas” in One Octave
5x9 = 45 commas plus 2x5 semitones



19th Century Physicist Helmholtz attack on Bach 
and Beethoven for abandoning natural tuning
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https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-
1992Wi/fidv01n01-1992Wi_047-the_foundations_of_scientific_mu.pdf       

19th century physicist Helmholtz ….Arguing from this standpoint,
Helmholtz demanded that musicians give up well-tempering and return to 
a " natural tuning" of whole-number ratios; 

Helmholtz even attacked the music of J.S. Bach and Beethoven for being 
"unnatural" on account of their frequent modulations

https://en.wikipedia.org/wiki/Helmholtz_pitch_notation   

https://en.wikipedia.org/wiki/Sensations_of_Tone     Helmholtz 19th century 

https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-1992Wi/fidv01n01-1992Wi_047-the_foundations_of_scientific_mu.pdf
https://archive.schillerinstitute.com/fidelio_archive/1992/fidv01n01-1992Wi/fidv01n01-1992Wi_047-the_foundations_of_scientific_mu.pdf
https://en.wikipedia.org/wiki/Helmholtz_pitch_notation
https://en.wikipedia.org/wiki/Sensations_of_Tone


Tuning and Timbre: 
A Perceptual Synthesis
Bill Sethares 
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https://sethares.engr.wisc.e
du/paperspdf/HelmTTSS.pd
f  no date  

https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf
https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf
https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf


Tuning and Timbre: 
A Perceptual Synthesis
Bill Sethares 
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https://sethares.engr.wisc.e
du/paperspdf/HelmTTSS.pd
f  no date  

Adaptive Tuning 
retains simple ratios
while avoiding wandering pitch

(thought to need a special
digital keyboard)

https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf
https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf
https://sethares.engr.wisc.edu/paperspdf/HelmTTSS.pdf


How Equal Temperament Ruined Harmony
Ross Duffin 2006
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https://www.kirkusreviews.com/book-reviews/ross-w-duffin/how-equal-temperament-ruined-harmony/
https://books.google.com/books/about/How_Equal_Temperament_Ruined_Harmony_and.html
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Chinese Musicology, pentatonic scale
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https://en.wikipedia.org/wiki/Chinese_musicology  samples of scales given Yu Shang Gong Jue Zhi    

The ancient Chinese defined, by mathematical means, a gamut or series of 十二律 (Shí-èr-lǜ), meaning twelve lǜ, 
from which various sets of five or seven frequencies were selected to make the sort of "do re mi" major scale 
familiar to those who have been formed with the Western Standard notation. The 12 lü approximate the 
frequencies known in the West as the chromatic scale, from A, then B-flat, through to G and A-flat. 

Scale and tonality
Most Chinese music uses a pentatonic scale, with the intervals (in terms of lǜ) almost the same as those of the major 
pentatonic scale. The notes of this scale are called gōng 宫, shāng 商, jué 角, zhǐ 徵 and yǔ 羽. By starting from a 
different point of this sequence, a scale (named after its starting note) with a different interval sequence is created, 
similar to the construction of modes in modern Western music. 
Since the Chinese system is not an equal tempered tuning, playing a melody starting from the lǜ nearest to A will not 
necessarily sound the same as playing the same melody starting from some other lǜ, since the wolf interval will occupy 
a different point in the scale. The effect of changing the starting point of a song can be rather like the effect of shifting 
from a major to a minor key in Western music. The scalar tunings of Pythagoras, based on 2:3 ratios (8:9, 16:27, 64:81, 
etc.), are a western near-parallel to the earlier calculations used to derive Chinese scales. 

The first musical scales were derived from the harmonic series. On the Guqin (a traditional instrument) all of the dotted 
positions are equal string length divisions related to the open string like 1/2, 1/3, 2/3, 1/4, 3/4, etc. and are quite easy 
to recognize on this instrument. The Guqin has a scale of 13 positions all representing a natural harmonic position 
related to the open string. 

https://en.wikipedia.org/wiki/Chinese_musicology
https://en.wikipedia.org/wiki/Sh%C3%AD-%C3%A8r-l%C7%9C
https://en.wikipedia.org/wiki/Scale_(music)
https://en.wikipedia.org/wiki/Musical_notation
https://en.wikipedia.org/wiki/Pentatonic_scale
https://en.wikipedia.org/wiki/Musical_mode#Modern_modes
https://en.wikipedia.org/wiki/Equal_tempered
https://en.wikipedia.org/wiki/Wolf_interval
https://en.wikipedia.org/wiki/Major_key
https://en.wikipedia.org/wiki/Minor_key
https://en.wikipedia.org/wiki/Pythagoras
https://en.wikipedia.org/wiki/Musical_scale
https://en.wikipedia.org/wiki/Harmonic_series_(music)
https://en.wikipedia.org/wiki/Guqin


Pentatonic scale
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https://en.wikipedia.org/wiki/Pentatonic_scale   

A pentatonic scale is a musical scale with five notes per octave, in contrast to heptatonic scales, which have 
seven notes per octave (such as the major scale and minor scale). 
Pentatonic scales were developed independently by many ancient civilizations[2] and are still used in various 
musical styles to this day. As Leonard Bernstein put it: "the universality of this scale is so well known that I'm 
sure you could give me examples of it, from all corners of the earth, as from Scotland, or from China, or from 
Africa, and from American Indian cultures, from East Indian cultures, from Central and South America, 
Australia, Finland ...now, that is a true musico-linguistic universal."[3] There are two types of pentatonic scales: 
those with semitones (hemitonic) and those without (anhemitonic). 

https://en.wikipedia.org/wiki/Pentatonic_scale
https://en.wikipedia.org/wiki/Scale_(music)
https://en.wikipedia.org/wiki/Musical_note
https://en.wikipedia.org/wiki/Octave
https://en.wikipedia.org/wiki/Heptatonic_scale
https://en.wikipedia.org/wiki/Major_scale
https://en.wikipedia.org/wiki/Minor_scale
https://en.wikipedia.org/wiki/Pentatonic_scale#cite_note-2
https://en.wikipedia.org/wiki/Leonard_Bernstein
https://en.wikipedia.org/wiki/Pentatonic_scale#cite_note-3
https://en.wikipedia.org/wiki/Semitones


Arab tone system
uses 24, not 12, divisions! 
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https://en.wikipedia.org/wiki/Arab_tone_system

Samples given for Arab tone system  

https://en.wikipedia.org/wiki/Arab_tone_system
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Stringed Instruments – Piano, Harp
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Stringed instruments have very clever designs to 
make them compact!

Frequency  f in beats per second
Piano has 7 octaves  powers of two
Lowest C    65.406 beats/sec
Middle C = 65.406   x 2 x 2 x 2 or  523.25 beats/s
Highest C   65.406   x 2 x 2 x 2 x 2 x 2 x 2 x 2 
                    8372.02 = 65.406 x 128 
 
Most Obvious Factor – length of the string
Tricky:  Tension of strings,  mass of strings
Piano Middle C  = 630mm our piano
Piano Highest C = 76mm our piano
      630/76 = 8.3X 8372.02 beats / 523.25beats = 16X
The Piano people are being clever!   Getting a 16X
frequency range while only lengthening the strings
by 8.3X
In more detail, Middle C 1.9X length, next 1.5X, next 1.6X, 
next 1.7X  where the frequency ratio is 2.0X per octave



Frequency 
versus 
note number 
for the 88 notes of piano

Musical Scale is logarithmic
and so has a huge range! 

Lowest note, A is 55 hz
A near middle is A440  = 55x8 = 55 x 2^3
Middle C is 523.25
Highest A is 7040hz   = 55x128 = 55 x 2^7
Highest note, C is 8372hz  
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Lyon & Healy Harp – string lengths revisited 2020
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Note Eight Octave 
Range Frequency

Harp String 
Length, mm

1/L *500

A 1 55.0000000000

D-# 7 77.7817459305 49.313 10.13942

G-# 12 103.8261743950 43.125 11.5942

A-# 14 116.5409403795 42.125 11.86944

D-# 19 155.5634918610 34.75 14.38849

G-# 24 207.6523487900 27.125 18.43318

A-# 26 233.0818807590 25.125 19.9005

D-# 31 311.1269837221 19.5 25.64103

G-# 36 415.3046975799 15.125 33.05785

A 37 440.0000000000

A-# 38 466.1637615181 14 35.71429

D-# 43 622.2539674442 10.875 45.97701
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Harp String 
Length 

vs. Frequency 

Harp String Length, mm
1/L *500https://en.wikipedia.org/wiki/String_vibration 

Instruments seem to
have simple inverse
length relationship
with frequency,
but are actually quite
tricky in minimizing
instrument size!

Less than full 2X length
difference per octave!
1.4X or 1.8X for harp

1.9X or 1.5X or 1.7X
  for upper range piano

https://en.wikipedia.org/wiki/String_vibration


Baby Grand Piano string lengths
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Note Eight Octave 
Range Frequency

Piano Piano String 
Length, mm 

1 / L 
*50000

A 1 55.0000000000A-zero

C 40 523.2511306012

C-4 
Middle 
C 630.0 79.4

C 52 1046.5022612024 C-5 337.0 148.4

C 64 2093.0045224048 C-6 218.0 229.4

C 76 4186.0090448096 C-7 132.0 378.8

C 88 8372.0180896192 C-8 76.0 657.9

0
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0 5000 10000

Piano String 
Length 

vs. Frequency 

Piano String Length, mm
1/L *500

Instruments seem to
have simple inverse
length relationship
with frequency,
but are actually quite
tricky in minimizing
instrument size!

Less than full 2X length
difference per octave!
1.4X or 1.8X for harp

1.9X or 1.5X or 1.7X
  for upper range piano

Getting out with tape measure on
family piano and harp



Piano Tuning – R. Feynman writes unique critique, 
Physics Today John Bryner Dec. 2009 p 46
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Piano Tuning – R. Feynman 
writes unique critique, 
Physics Today 
John Bryner Dec. 2009 p 46
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Circle of Fifths

Powers of
3/2 or 2/3
Pythagoras 
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3/2 fourth power G flat

3/2 third power B

3/2 second power E   293.33 x 3/2 x 3/2

3/2   A up by a fifth  293.33 x 3/2 = 440

1   pick D as root  293.33 beats/s

3/2 fifth power D flat

2/3    G    down a fourth      293.33 x 2/3

2/3 squared    C   down two fourths

2/3 cubed F

2/3 fourth power B flat

2/3 fifth power E flat

2/3 sixth power A flat

3/2 sixth power G sharp

Our Famous “Comma” 
A flat “Diminished fifth”
    412.03 setting A440 
G sharp “Augmented Fourth”
    417.65 setting A440

SWEDEN “Just” organ - two keys
TET keyboards – skip 2nd key

This page – the exciting moment when Pythagoras suddenly became simple genius, if viewed correctly within Circle of Fifths



Musical Instruments and Twelve Tone Equal Temperament - Conclusions
Why was I intrigued as child in this esoteric subject? Why should anyone else be?

• As a child taking piano lessons:  fascinated that “TET” equal temperament forces all 
keys “equivalent”    C vs. C sharp vs. F sharp

• But: musical notation mysteriously super-redundant    
• But: Composers passionate about particular keys: Beethoven Quartet C sharp minor 
• But: Musicians hear resonances & overtones   

• What We’ve Learned? 
• Pythagoras fantastic insight 6th century BC – Octave, Circle of Fifths 3/2 Ratio, Base 12

• Centered on chord richness, resonances, and overtones
• TET – Octave Frequency Double 2.000 - all other intervals slightly out of tune

• Music Re-purposed: Centered on Modulations, Composer’s Needs, Instrument Standardization
• Bach, Mozart, Beethoven score spectacular success!
• Physicist Helmholtz leads a groundswell of discontent with TET’s major third loss of resonances & overtones  

• Beyond TET: About cellist Pablo Casals p155 “it’s so beautiful but why does he play out of tune?” Casals taught 
“expressive intonation.” Guarneri Quartet p74 reaches beyond a “sterile and static” equal temperament. Good 
unaccompanied choirs tweak for overtones. Great musicians recapture rich chords & sounds by reaching beyond TET

NET:  Musicianship is subtle & evolving, beyond the genius platforms of Pythagoras and TET.  
    My personal inspiration for creating this presentation was hearing the meantone Sweden 1651 Düben Organ        
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